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Abstract
Self interacting dark matter (SIDM) provides us with a consistent solution to certain astrophys-
ical observations in conflict with collision-less cold DM paradigm. In this work we estimate the
shear viscosity (η) and bulk viscosity (ζ) of SIDM, within kinetic theory formalism, for galactic and
cluster size SIDM halos. To that extent we make use of the recent constraints on SIDM crossec-
tions for the dwarf galaxies, LSB galaxies and clusters. We also estimate the change in solution
of Einstein’s equation due to these viscous effects and find that σ/m constraints on SIDM from
astrophysical data provide us with sufficient viscosity to account for the observed cosmic accel-
eration at present epoch, without the need of any additional dark energy component. Using the
estimates of dark matter density for galactic and cluster size halo we find that the mean free path
of dark matter ∼ few Mpc. Thus the smallest scale at which the viscous effect start playing the
role is cluster scale. Astrophysical data for dwarf, LSB galaxies and clusters also seems to suggest
the same. The entire analysis is independent of any specific particle physics motivated model for
SIDM.
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I. INTRODUCTION
The self interacting dark matter (SIDM) is a lucrative alternative to the standard
collision-less cold dark matter (CDM) paradigm. The motivation for SIDM comes from
the small scale observations of the Universe which are inconsistent with the CDM predic-
tions. There are four major problems viz, core-cusp problem, diversity problem, missing
satellites problem and too-big-to-fail problem. SIDM paradigm has the potential to provide
a unifying solution to these problems. We refer to [1] for a detailed review on SIDM and its
possible resolution to the above mention problems.
An important implication of self interactions in the DM sector would be a non-zero
equation of state. It has been argued that one should attribute thermodynamic properties
like internal energy with DM owing to its self-interactions [2]. In addition, DM can also be
provided with a polytropic EoS [3]. Both the above attributes are capable of explaining the
Type Ia supernovae (SNe-Ia) data without any additional dark energy component in cosmic
fluid. The condition of negative pressure is naturally satisfied in these models. There are
indications already that dark sector may have a negative equation of state (EoS) at cluster
scale [4] and at cosmological scale [5].
Another standard approach to obtain a dark energy like feature is to assign a non-zero
bulk viscosity to the dark sector [6–8]. For an homogeneous, isotropic fluid with bulk
viscosity ζ, the pressure is pv = p + Πb, where pv is the pressure of viscous fluid and
Πb = −3ζH. For sufficiently large ζ, the pressure would be negative thus mimicking dark
energy. The source of bulk viscosity has been attributed to neutrinos [9], exotic scalar fields
[10] or to the decay of cold dark matter into relativistic particles [11]. However these models
are severely constrained by observations of the large scale structure formation [12–14]. The
reason being that a large bulk viscosity leads to decay of the gravitational potential during
structure formation [12].
A SIDM particle has the potential to avoid these constraints on the viscosity as it behaves
like a standard CDM candidate at large scales. One can understand this by looking at the
scattering rate of SIDM,
Rscat =
〈σv〉ρSIDM
m
, (1)
where m is the mass of SIDM particle, 〈σv〉 is the velocity weighted crossection of SIDM
particle, ρSIDM is the density of the dark matter. As the density falls, the scattering rate goes
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to zero and dark-matter approaches the standard collision-less CDM behaviour, however
at small scales i.e. near the central region of dark matter halo, the density is large and
consequently the scattering rate is higher. It is thus expected that these scattering processes
would lead to non-zero viscosity within the dark matter halo.
In this work we estimate the shear and bulk viscosity of dark matter within the kinetic
theory framework. Assuming the velocity distribution of SIDM to be Maxwellian we obtain
the expressions for the shear and the bulk viscosity of SIDM in terms of its velocity weighted
crossection to mass ratio, 〈σv〉/m, and the average velocity, 〈v〉, of the dark matter halo.
The estimates of 〈σv〉/m were obtained in [15] by utilizing the astrophysical data from dwarf
galaxies, LSB galaxies and clusters. Assuming local thermalization in the dark matter halo,
we use these estimates to infer the shear and bulk viscosity in the galaxy as well as in the
cluster size dark matter halo. We find that the viscous coefficients increase by two orders of
magnitude from galactic to cluster scales.
As an application of these results we explore the scenario discussed in ref. [16]. There it
was argued that the local velocity perturbations in cosmological fluid depend on the shear
and the bulk viscosity of the dark sector. If the back-reaction of these velocity perturbations
is large enough then they contribute substantially to the energy dissipation. This modifies
the solution to Einstein’s equations and one could then explain the accelerated cosmic ex-
pansion without any dark energy component. We test this assertion using our results for the
shear and bulk viscosity of the SIDM. We estimate the contribution of the SIDM viscosity
to the energy dissipation and find that the dissipative effects are sufficient to account for
the observed cosmic acceleration.
The organization of the paper is as follows. In section II we will discuss the calculation of
bulk and shear viscosity of the dark matter using kinetic theory and present our estimates of
the shear and bulk viscosity at the galactic and cluster scales. In section III we estimate the
energy dissipation in viscous hydrodynamics and use Einstein equations to argue that the
dissipative effects due to viscosity can lead to cosmic acceleration. We present our results
on scattering crossection of SIDM and cosmic acceleration in section IV and conclude in
section V.
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II. SHEAR AND BULK VISCOSITY FROM KINETIC THEORY
In this section we will estimate the shear and bulk viscosity of SIDM using the kinetic
theory formalism. We work in natural units. Within the hydrodynamics, the stress energy
tensor can, in general, be decomposed in two parts: T µνideal and T
µν
diss, where T
µν
diss is the
dissipative part of energy momentum tensor. In a local Lorentz frame it can be written as
T ijdiss = −η
(
∂ui
∂xj
+
∂uj
∂xi
− 2
3
∂uk
∂xk
δij
)
− ζ ∂u
k
∂xk
δij, (2)
where u is the fluid velocity, η and ζ are the shear viscous and bulk viscous coefficients
respectively. To estimate viscous coefficients we use the kinetic theory formalism and obtain
the expression for the shear and bulk viscosity of SIDM in terms of its distribution function,
and velocity weighted crossection [17, 18].
The starting point of kinetic theory is the Boltzmann equation,
∂fp
∂t
+ vip
∂fp
∂xi
= I{fp}, (3)
where vp is single particle velocity, fp is the distribution function and I{fp} is collisional
integral describing the rate of change of fp due to collisions. One can evaluate this integral
under certain approximations and we use the “relaxation time approximation”. In this
approximation it is assumed that the variation of distribution function is slow in space and
time or equivalently the system is close to thermal equilibrium. Thus one can locally assign
thermodynamic quantities like temperature and energy to the system. In addition it is
also assumed collisions are effective in bringing the system to thermal equilibrium within
a characteristic time, termed as collision time (τ) of the system. In the later stages of
cosmic evolution, where it is assumed that the dark matter halos have virialised and a
Maxwellian distribution can be assigned to the dark matter particles, it seems reasonable
that the relaxation time approximation will hold for SIDM. For a collision-less dark matter
the approximation is clearly invalid.
Under these assumptions the collision term can be approximated by the linearized form
I{fp} ' −δfp
τ
, (4)
where δfp ≡ (fp − f 0p ) is the deviation of distribution function from the equilibrium distri-
bution function f 0p . In a general setup τ can be a function of energy. Eq. (4) in conjunction
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with eq. (3) gives
δfp = −τ
(
∂f 0p
∂t
+ vip
∂f 0p
∂xi
)
. (5)
Since we assume local equilibrium, we can define the average energy density (T 00) and
momentum density (T 0i) of the system using the distribution function. Extending the
definition to the OJ component of T µν , we can define TOJ as
TOJ =
∫
d3p
(2pi)3
vipjfp. (6)
Using fp = f
0
p + δfp, with δfp given by eq. (5), we get the T
OJ
Dias as
T ijdiss = −
∫
d3p
(2pi)3
τvipj
(
∂f 0p
∂t
+ vlp
∂f 0p
∂xl
)
. (7)
Let us now consider the fluid motion along, say, x axis with fluid velocity ux(y), i.e.
u = (ux(y), 0, 0). In this case eq. (2) reduces to T
xy = −η∂ux/∂y. Using the equilibrium
distribution function to be of the form f 0p = exp(−pµuµ/T ) in eq. (7) and comparing with
T xy written above we get
η =
1
15T
∫
d3p
(2pi)3
τ
p4
E2p
∂f 0p
∂Ep
. (8)
For bulk viscosity we have to take the trace of eq. (2) and compare with trace of eq. (7).
Using T µν,ν = 0 and some manipulation one can obtain the expression for the bulk viscosity
to be
ζ =
1
T
∫
d3p
(2pi)3
τ
[
EpC
2
n −
p2
3Ep
]2
f 0p , (9)
where Cn =
∂P
∂
|n is the speed of sound at constant number density. Eqn. (8) and (9) are
relativistic expression for the shear bulk viscosity from kinetic theory. To estimate these
quantities for dark matter we need to estimate the relaxation time τ . We may approximate
relaxation time with average relaxation time τ˜ (this average is over energy distribution),
given by
τ˜−1 = n〈σv〉, (10)
where n, 〈σv〉 represent average number density and velocity weighted cross section average.
Since we are working in the cold SIDM paradigm we have to estimate η, ζ in the non-
relativistic limit. We thus use the non-relativistic Maxwell-Boltzmann distribution in fluid
rest frame, with eqn. (10), in the non-relativistic limit of eqn. (8). This gives us
η =
(
m
〈σv〉
)(
T
m
)
. (11)
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FIG. 1: Plots of η and ζ vs 〈v〉 at galactic (left) and cluster (right) scale.
We now make an assumption that virial theorem leads to equipartition of energy, 1
2
m〈v2〉 =
3
2
T , for the dark matter halos, where m is the mass of dark matter and T is the virialised
temperature of dark matter halo. Also for Maxwellian velocity distribution
√〈v2〉 = 1.08〈v〉.
Eqn (11) thus takes the form
η =
1.18m〈v〉2
3〈σv〉 . (12)
A similar exercise for eqn. (9) gives the bulk viscosity as
ζ =
5.9 m〈v〉2
9〈σv〉 . (13)
We can now estimate the values of shear and bulk viscosity for galactic and cluster size
dark matter halos. It is clear from equation (12) and (13) that the viscous coefficient η and
ζ depend on the mass m of DM candidate, its velocity weighted crossection average 〈σv〉,
and on 〈v〉. Also we note that the bulk viscosity contribution is slightly larger than the
shear contribution at each scale. If we take 〈σv〉 /(〈v〉m) as an estimation of 〈σ〉 /m at a
given scale, then η and ζ are proportional to 〈v〉 in a dark matter halo. From galactic to
cluster scale 〈σ〉 /m changes from ∼ 1 cm2g−1 to ∼ 0.1 cm2g−1 [15] and 〈v〉 goes from 102 to
103 kms−1. This would mean that viscosity (η, ζ both) increase by two orders of magnitude
as we go from galactic to cluster scale, see fig. 1. Note that in the plots we have converted
the results to SI units while the eqn. (12) and (13) are derived using natural units.
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III. EFFECT OF VISCOSITY ON COSMIC EXPANSION
In this section we explore the consequence of dark viscosity on the evolution of the
universe. It was argued in [16] that sufficient viscous contribution from the dark sector
can modify the solution of Einstein’s equation and may explain the observed accelerated
expansion. We use the estimates of η and ζ, obtained above, to study the extent of this
affect.
To solve for Einstein’s equations we need the energy momentum tensor for a viscous fluid,
which, in Landau frame (uµT
µν = −uν) is given by the expression
T µν = uµuν + (P + pib)∆
µν + piµν . (14)
Here ∆µν = uµuν + gµν is the projection operator orthogonal to the fluid velocity, pib is the
bulk stress and shear stress, piµν , satisfies the conditions uµpi
µν = 0, piµµ = 0. In the first
order hydrodynamics the bulk and shear stresses are given by the expressions
pib = −ζ∇µuµ, (15a)
and piµν = −2η
[
∆µα∆νβ + ∆µβ∆να − 2
3
∆µν∆αβ
]
∇αuβ. (15b)
In addition to Gµν = −8piGT µν , we have the covariant energy momentum conservation
∇µT µν = 0. For the metric we consider the conformal FRW metric with scalar perturbations.
In the limit of small metric perturbations and small velocities (v2 << 1), we get the energy
conservation equation as [16]
1
a
˙〈〉+ 3H(〈〉+ 〈P 〉 − 3 〈ζ〉H) = D, (16a)
where D =
1
a2
〈
η
[
∂ivj∂ivj + ∂ivj∂jvi − 2
3
∂ivi∂jvj
]〉
+
1
a2
〈
ζ[∇ · v]2〉+ 1
a
〈v¯ ·∇(P − 6ζH)〉
(16b)
is the dissipation term. In the above equations 〈A〉 is the spatial average of the quantity
A. As is evident from equation (16a), that the evolution of average energy density depends
crucially on the dissipative term D. Only at late times the velocity gradients acquire non zero
values hence it is at late times that the dissipative term becomes important and contribute
significantly to the average energy evolution equation. This in-turn affects the evolution of
Universe through Einstein’s equations.
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Using the results obtained in the previous sections we would like to come up with an
estimate of D and check the extent of this effect. We use the following simplifying as-
sumptions: (i) We assume that η, ζ do not vary over the spatial region which is averaged.
(ii) gradients and curls of velocity fields are prominent at a scale L, thus we approximate
∂i ∼ 1/L ≡ 1/(RHα), where RH = H−1 is the Hubble size and α = L/RH is the fraction of
Hubble size where the derivatives are prominent. (iii) We confine ourselves to the present
epoch, thus we set H = H0 and scale factor a ≡ a0 = 1. (iv) The dark equation of state is
P + pib = ωˆ. For cold SIDM, ωˆ = 0, thus P = −pib = ζ(∇ · v¯ + 3H0) = ζ
[(
H0〈v〉
α
)
+ 3H0
]
.
Thus last term in eqn. (16b) becomes
〈v¯ ·∇(P − 6ζH)〉 = ζ
(
H0〈v〉
α
)2 [
1− 3 α〈v〉
]
∼ ζ
(
H0〈v〉
α
)2
,
since α/〈v〉  1. With these assumptions and with the use of eqn. (12) and (13) in the eqn.
(16b), we get the value of dissipation term at present epoch as
D =
16.32〈v〉4
9
(
m
〈σv〉
)(
H0
α
)2
. (17)
To estimate the effect of viscous term on the evolution of the Universe, eqn. (16a), with
D given by eqn. (17), needs to be solved in conjunction with the suitably averaged Einstein’s
equation. The simplest choice is the traced equation
〈
Gµµ
〉
= 8piG
〈
T µµ
〉
, which gives
a¨
a3
=
H˙
a
+ 2H2 =
4piG
3
(〈〉 − 3 〈P 〉 − 3 〈pib〉) . (18)
Using eqn (16a), (17) with eqn. (18) one can find equation for deceleration parameter
(defined as q = −1− H˙
aH2
) to be
− dq
d ln a
+ 2(q − 1)
(
q − 1
2
)
=
4piGD
3H3
. (19)
From observations, q ≈ −0.6 at present epoch [19]. Thus the dissipation term (assuming∣∣ dq
d ln a
∣∣  1 ) is estimated to be [16] 4piGD
3H30
≈ 3.5. This implies that the dissipation term D
can provide an explanation for cosmic acceleration if the viscous effects are strong enough
for dark matter. Hence we need to calculate dissipative term D, which depends on 〈σv〉/m,
〈v〉 and the size (H0/α) of SIDM halo. An important consideration here is the scale of
averaging (galactic or cluster). We know, from observations, that the accelerated cosmic
expansion manifests itself at super-cluster or larger scales, thus intuitively the averaging
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doesn’t seem appropriate for a SIDM halo of galactic size. To settle the issue of averaging
scales we estimate the mean free path of the SIDM. The idea behind this exercise is that
for the hydrodynamic description to be valid (which allows us to write eqn. (14) in the first
place) the mean free path should be smaller than, or at least be the order of, the averaging
scale.
As the densities for galaxy and clusters are traditionally quoted in the units of Mkpc−3,
we leave natural units for estimations of mean free path. From eqn. (12) we have D ∼
η (∇ · v)2. For η we use the textbook expression for viscosity of a dilute gas viz. η = ρvλ/3.
With approximations ∂i ∼ 1/L and v ∼ 〈v〉 we get D ∼ ρλ〈v〉3/3L2. Equating with eqn.
(17) we get λ ∼ 5 (m
σ
)
1
ρ
. Since σ/m is expressed in units of cm2/g, we convert it to kpc2/M.
In these units the expression for mean free path is
λ ∼ 5× 1010
(m
σ
) 1
ρ
(in kpc), (20)
where σ/m corresponds to the numerical value in the units of cm2/g and ρ is numerical
value in units of Mkpc−3. For galactic scale σ/m ∼ 2 cm2/g [15]. So for the SIDM mean
free path of ∼ 10 kpc would require that the density at the galactic scales be 2.5 × 109
Mkpc−3. At galactic scale the densities are much lower e.g for Milky way the estimates
for DM density (with NFW profile) are ∼ 106 − 107 Mkpc−3 [20] which are much lower.
For LSB galaxies the peak density for isothermal case are ∼ 107 Mkpc−3 [21]. For dwarf
galaxies the dark matter concentration can be a bit larger (∼ 108 Mkpc−3) [22], but the
typical sizes are smaller than 10kpc.
For cluster scale halos, σ/m ∼ 0.1 cm2/g [15], thus for λ ∼ 1 Mpc we need the halo
density to be ∼ 5× 108 Mkpc−3 [from eqn (20)]. Such high densities have been estimated
in cluster size dark matter halos using isothermal profile for dark matter [23, 24]. It thus
seems appropriate to argue that the hydro description and consequently the averaging in
dissipation term is not appropriate for galactic scale SIDM halos but for cluster scale at the
least.
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FIG. 2: The plot between σ/m vs q for different 〈v〉 and α at galactic (left) and cluster (right)
scale. The velocities are taken to be 100 kms−1 and 1000 kms−1 for galactic and cluster scales.
Larger negative value of q is supported by smaller values of σ/m.
IV. RESULTS AND DISCUSSIONS
The evolution of the deceleration parameter q is governed by eqn (19), with D given by
eqn (17). Assuming
∣∣ dq
d ln a
∣∣ 1, we get 〈σv〉/m as
〈σv〉
m
=
65.28pi〈v〉4
27(q − 1)(2q − 1)H0m2plα2
, where m2pl ≡
1
G
. (21)
Dividing both sides by 〈v〉 provides us with an estimate of σ/m for different halo sizes. The
result is presented in fig. 2. For plotting we choose 〈v〉 to be 100 kms−1 for galactic scale
while for a cluster size halo we take 〈v〉 ∼ 103 kms−1 as a representative number. It is
evident that present observed deceleration parameter (q ' −0.6) can be obtained for a dark
matter halo of roughly 50− 30 kpc size with σ/m ∼ 1− 2 cm2/g. Similarly at cluster scale
the dark matter halo of 3− 5 Mpc size can provide us with correct q values with σ/m ∼ 0.1
cm2/g. The σ/m values of 1− 2 cm2/g at galactic scale and 0.1 cm2/g at cluster scale were
deduced from astrophysical data in [15]. To check it further, we plot 〈σv〉/m vs 〈v〉 for
q = −0.6, at galactic and cluster scales, and compare with the 〈σv〉/m values inferred from
the astrophysical data [15] in fig. 3.
The large dispersion in 〈σv〉/m at the galactic scale, as compared to the cluster scale,
is an important feature of fig. 3. The size of dwarf galaxies is almost 5 kpc and the LSBs
are also of size smaller than 10 kpc. Eqn (21) thus provides a poor fit to the data as can
be seen in fig 3. However for cluster scale halos the scatter is comparatively less and the fit
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FIG. 3: Plot of 〈σv〉/m vs 〈v〉 for galactic (left) and cluster (right) size dark halo for q = −0.6.
The data points are from [15].
is better than the galactic scale. This can be thought of as the better applicability of the
averaging process at the cluster scale as compared to the galactic scale as discussed at the
end of previous section.
V. CONCLUSIONS
In this work we have estimated the shear and bulk viscosity due to dark matter self
interactions within kinetic theory formalism. Assuming local thermalization in dark mat-
ter halos, we determined the relation between viscous coefficients (η, ζ), velocity weighted
crossection to mass ratio (〈σv〉/m) of dark matter and 〈v〉 of dark matter halos. The esti-
mates suggest that η and ζ change by roughly two orders of magnitude from the galactic
to cluster scale. We also looked at the effect of dissipation due to these viscous effects, on
cosmic acceleration. We find that η and ζ estimated from astrophysical data for σ/m of
SIDM might account for the observed cosmic acceleration. To get a better understanding
of the scales where these effects might be important, we also estimated the mean free path
of SIDM. We find that the mean free path ∼few Mpc for a cluster size dark matter halo is
supported by the astrophysical data. We thus conclude that smallest scale for viscous effects
to play a role in dynamics of the Universe should be cluster scale. We set our theoretical
understanding against the astrophysical data and find that data also points in the same
direction.
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